We present explicit examples to show that the 'compatibility criterion' [recently obtained by us towards providing equilibrium configurations compatible with the structure of general relativity] which states that: for a given value of σ[≡ (P 0 /E 0 ) ≡ the ratio of central pressure to central energy-density], the compactness ratio
In addition to this example, we also study dynamical stability of pure adiabatic polytropic configurations on the basis of variational method for the choice of the 'trial function', ξ = re ν/4 , as well as the mass-central density relation, since the compatibility criterion is appropriately satisfied for these models. The results of this example provide additional proof in favour of the statement regarding compatibility criterion mentioned above. Together with other results, this study also confirms the previous claim that just the choice of the 'trial function', ξ = re ν/4 , is capable of providing the necessary and sufficient condition for dynamical stability of a mass on the basis of variational method. Obviously, the upper bound on compactness ratio of neutron stars, u ∼ = 0.3389, which belongs to two-density model studied here, turns out to be much stronger than the corresponding 'absolute' upper bound mentioned in the literature. 
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INTRODUCTION
Einstein's field equations for static and spherically symmetric mass distribution were first solved by Schwarzschild (1916) . The first solution describes the geometry of the spacetime exterior to a prefect fluid sphere in hydrostatic equilibrium. While the other, known as interior Schwarzschild solution, corresponds to the interior geometry of a fluid sphere of constant (homogeneous) energy-density, E. The importance of these two solutions in general relativity is well known. The interior Schwarzschild solution provides two very important features towards obtaining configurations in hydrostatic equilibrium, compatible the corresponding ratio of central pressure to central energy-density σ[≡ (P 0 /E 0 )] and worked out an important criterion which concludes that for a given value of σ, the maximum value of compactness ratio, u(≡ u h ), should always correspond to the homogeneous density sphere (Negi & Durgapal 2001 ).
An examination of this criterion on some well known exact solutions and EOSs indicated that this criterion, in fact, is fulfilled only by two types of configurations corresponding to a single EOS or density variation: (i) the regular (positive finite density at the origin which decreases monotonically outwards) configurations which correspond to a vanishing density corresponding to a non-zero finite, surface density (that is, the pressure vanishes at finite surface density, and so called the self-bound regular structures), in fact, do not fulfill this criterion (Negi & Durgapal 2001; Negi 2004b; Negi 2006) . We have shown this inconsistency particularly for the EOS, (dP/dE) = 1 (as it represents the most successful EOS to obtain the various extreme characteristics of neutron stars as discussed above).
In addition to the self-bound regular configurations corresponding to a single density variation, the compatibility criterion may not be satisfied by various two-density, or multipledensity, regular, gravitationally-bound structures. Such structures are widely discussed in the literature, particularly, for determining the upper bound on neutron star (NS) masses.
In this connection, we would consider the core-envelope model proposed by Negi & Durgapal (2000) . In order to bring things together regarding the compatibility of regular structures mentioned above, we follow Negi and Durgapal (2001) by assuming a homogeneous sphere of uniform energy-density, E. The equations for isotropic pressure P , and uniform energy-density E, can be written in terms of compactness ratio, u, and the radial coordinate measured in units of configuration size, y(≡ r/R) as
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Let us consider a regular variable density sphere (with some given EOS or analytic solution) with central energy-density E 0 and central pressure P 0 , corresponding to the compactness ratio u = u v . Now, we can always construct a homogeneous density sphere with the same value of the compactness ratio u v , and energy-density E 0 , because if P 0h corresponds to the central pressure of this sphere, the ratio σ h (≡ P 0h /E 0 ) depends only upon the assigned value of the compactness ratio u v . And, P 0h is given by
Now, according to property (ii) of homogeneous density sphere, we may write
or,
Hence for a given value of u(≡ u v ), we obtain
where σ v is defined as the ratio, (P 0 /E 0 ). Now, varying the compactness ratio, u v , for the homogeneous density sphere from u v to u h (say), such that, we should have
For u = u h , the value of σ h would become
Substituting Eq. (8) with the help of Eq. (7) into Eq. (6), we get
Thus, it is clear from Eq. (9) that u h ≥ u v ( for an assigned value of σ).
That is, for an assigned value of the ratio of central pressure to central energy-density σ(≡ σ v ), the compactness ratio of homogeneous density distribution, u(≡ u h ) should always be larger than or equal to the compactness ratio u(≡ u v ) of any regular solution * , compatible with the structure of general relativity. Or, in other words, for an assigned value of the compactness ratio, u, the minimum value of the ratio of central pressure to central energydensity, σ, corresponds to the homogeneous density sphere.
In the light of Eq. (10), let us assign the same value M for the total mass corresponding to various regular configurations in hydrostatic equilibrium. If we denote the density of the homogeneous sphere by E h , we can write * Notice that this finding is also true for self-bound singular solutions because the ratio of (infinite) 
where R h denotes the radius of the homogeneous density sphere. If R v represents the radius of any other regular sphere for the same mass M, the average density E v of this configuration would correspond to
Eq. (10) indicates that R v ≥ R h . By the use of Eqs. (11) and (12) we find that
That is, for an assign value of σ the average energy-density of any regular configuration, E v , should always be less than or equal to the density, E h , of the homogeneous density sphere for the same mass M.
We point out that the regular configurations corresponding to a single exact solution, (c) The only regular configuration which can exist under the category (b) mentioned above is described by the homogeneous density distribution.
Note that the two-density or multiple-density models (that is, the structures governed by two or more EOSs assigned for different regions with appropriate matching conditions at the core-envelope boundaries) of both of the categories, (a) and (b) described above (such that the definition of the mass M mentioned above is appropriately satisfied) are quite possible, however, as we will show in the present paper that the fulfillment of the definition of the mass 'M ′ for any two-density model represents only a necessary condition for hydrostatic equilibrium, because the 'compatibility criterion' may not be satisfied by them.
As we have noted earlier that the necessary condition for hydrostatic equilibrium (that is, the fulfillment of the definition of the mass M) put forward by the exterior Schwarzschild solution is also sufficient for a single EOS or exact solution assigned for the mass, because this fact is also supported by the 'compatibility criterion'. It follows therefore that the 'compatibility criterion' is capable of ensuring a sufficient and necessary condition for any structure (including two-density or multiple-density distribution) in the state of hydrostatic equilibrium.
To elaborate this statement more clearly, let us consider the core-envelope model discussed by Negi and Durgapal (2000) . The core of this model is described by an EOS which belongs to the category '(b)' mentioned above, and the matching of various parameters at the core-envelope boundary is assured by characterizing an envelope which belongs to the category '(a)' EOS. That is, 'overall' the model describes a gravitationally bound two-density structure [of category 'a' mentioned above], such that the necessary condition for hydrostatic equilibrium put forward by exterior Schwarzschild solution at the surface of the configuration (that is, the mass, M, depends only upon the central density, meaning thereby that the definition of mass is appropriately satisfied), even then, the compatibility criterion for hydrostatic equilibrium (Negi & Durgapal 2001 ) turns out to be unsatisfied for this model (as shown under section 4 of the present study). Thus, it follows that the fulfillment of necessary condition for hydrostatic equilibrium at the surface, and the achievement of
proper matching conditions at the core-envelope boundary are not sufficient to assure the condition of hydrostatic equilibrium for any two-density structure. However, the fulfillment of compatibility criterion alone could provides a necessary and sufficient condition for any regular configuration (including two-density structures) to be consistent with the state of hydrostatic equilibrium.
In order to verify this statement, we would re-investigate the core-envelope model put forward by Negi and Durgapal (2000), based upon the said compatibility criterion for hydrostatic equilibrium, such that for each (possible) assigned value of σ, the compactness ratio of the whole configuration, u, remains less than or equal to the compactness ratio, u h , of the corresponding sphere of homogeneous density distribution. Such an investigation is possible, because we can re-adjust the boundary, r b , of the core-envelope model in such a manner that for an assigned value of σ, the 'average density', E av (say), of the whole configuration always remains less than or equal to the density, E h , of the homogeneous density sphere for same mass M. Thus, this criterion should be fulfilled by any regular configuration specified by a single density distribution, a core-envelope model, a core-mantle-envelope model, or any other complicated distribution of matter composed of various regions inside the configuration, in order to fulfill the state of hydrostatic equilibrium. This statement is verified on the basis of dynamical stability of some regular configurations, consistent with the compatibility criterion, in the following sections, and the results which are summarized as Theorem 2 and its subsequent corollaries in the following section, may be stated in the general form as the following theorem.
Theorem 1: The necessary and sufficient condition for hydrostatic equilibrium of any static † and spherical configuration is that for an assigned value of the ratio of central pressure to central energy-density, the compactness ratio u(≡ M/R) of the said configuration should not exceed the compactness ratio u h of the corresponding sphere of homogeneous density distribution.
3. Necessary and sufficient condition for hydrostatic equilibrium and dynamical stability of regular configuration
The absolute values are obtained by using a 'compressible' sphere of homogeneous energydensity (Negi 2004a) , such that the following relation holds good for a constant Γ 1
And the adiabatic speed of sound, v = (dP/dE), becomes finite inside this configuration for a finite (constant) Γ 1 . In order to satisfy the extreme case of causality condition v = c = 1 at the centre of this sphere, we obtain (P 0 /E 0 ) ∼ = 0.6271, which correspond to a u value ∼ = 0.3406, and the (critical) constant Γ 1 = (Γ 1 ) 0 ∼ = 2.5946 respectively, for the dynamically stable configuration. This value of u( ∼ = 0.3406) represents an absolute upper bound, consistent with causality and dynamical stability, since it follows from the compatibility criterion that for this maximum value of u, the corresponding value of (P 0 /E 0 ) of any regular configuration can not be less than 0.6271. Now, this result may be generalized for the sequences, composed of NS models such that every member of this sequence satisfies (dP/dE) 0 = 1 (here and elsewhere in the paper, the subscript '0' represent the value of the corresponding quantity at the centre), in the following manner that the maximum stable † the notion 'any static' instead of 'any regular' is used here in the general sense, since the dynamical stability of singular solutions (which may also satisfy the compatibility criterion) does not correspond to any solution. for the equilibrium configuration is also satisfied. Or, in other words, the compatibility criterion is able to provide the necessary and sufficient condition for hydrostatic equilibrium of regular configurations.
In order to verify the last claim, irrespective of the particular type of core-envelope models considered in the present study, we would further consider (section 5) the dynamical stability of pure polytropic configurations (P = Kρ 
Hydrostatic equilibrium and dynamical stability of core-envelope models
The metric for spherically symmetric and static configurations can be written in the following form ds
where ν and λ are functions of r alone. Recalling that we are using 'geometrized units', Einstein's field equations, for systems with isotropic pressure P and energy-density E can be written as
where m(r) is the mass contained within the radius r, and the prime denotes radial derivative.
The core-envelope model ( For the models of neutron stars considered here, we have chosen the core of most stiff material as
where E s is the value of density at the surface of the configuration, where pressure vanishes.
(ii) The envelope: b ≤ r ≤ R
The envelope of this model is given by the equation of state
where K is a constant to be worked out by the matching of various variables at the core-envelope boundary and ρ and Γ 1 represent respectively, the rest-mass density and the (constant) adiabatic index as defined earlier.
At the boundary, r = b, the continuity of P (= P b ), E(= E b ), and r(= r b ) require
where Γ 1 is given by (see, e.g., Tooper 1965)
The continuity of (dP/dE), at the boundary gives
Thus, the continuity of P, E, ν, λ, and (dP/dE) at the core-envelope boundary is ensured, for the static and spherically symmetric configuration. For the sake of numerical simplification, we assign the central density, E 0 = 1. It is seen that the degree of softness of the envelope is restricted by the inequality, (
For the minimum value of (P b /E b ) ∼ = 0.014, we obtain various quantities, such as, core mass, M b , core radius, r b , density at the core-envelope boundary, E b , total mass, M, and the corresponding radius, R, of the configuration in dimensionless form. Some of these quantities are shown in Table 1 for various assigned values of the central pressure to density ratio, (P 0 /E 0 ).
To determine the stability of the models given in Table 1 , we need to draw the massradius diagram for the structures. For this purpose, we have normalized the boundary density, E b = 2 × 10 14 g cm −3 , and obtained the mass-radius diagram as shown in Fig Table 1 . Although, the corresponding P 0 /E 0 (≃ 0.704) value (or (Γ 1 ) 0 ≃ 2.4204 value) is consistent with the corresponding absolute value (P 0 /E 0 is larger than 0.6271 or (Γ 1 ) 0 is less than 2.5946), the configuration is not consistent with the corollary 1 of theorem 2, since the maximum value of u ≃ 0.3574 is inconsistent with the absolute upper bound on u ∼ = 0.3406.
It follows, therefore, that the M − R relation does not provide the necessary and sufficient condition for dynamical stability of equilibrium masses, since these models are not consistent with the compatibility criterion, which is evident from Table 1 . As the first column of Table   1 corresponds to compactness ratio, u h , of homogeneous density sphere as calculated from Eqs.
(1) and (2) for various assigned values of σ shown in Table 1 . Column seventh of this table represents the compactness ratio u of the whole configuration for the same values of σ. Comparing column one and seventh, we find that for each assigned value of σ, u > u h , meaning thereby that the model is inconsistent with the compatibility criterion.
To make the model consistent with the structure of general relativity, we re-investigate this model based upon the compatibility criterion (section 2) by solving the coupled Eqs. (20) and (21) respectively. For numerical simplicity, we assign the central energy-density of the configuration, E 0 = 1. The order of numerical precision is set precisely following the specific nature of EOSs for the core and envelope regions respectively. The ratio, (P b /E b ), at the core-envelope boundary is so adjusted that for each and every (possible) assigned value of σ, the compactness ratio, u, of the whole configuration always turns out to be less than or equal to the compactness ratio, u h , of the homogeneous density sphere for same values of σ. The results obtained in this regard are shown in Table 2 . It is seen that to meet the requirement set up by compatibility criterion, the minimum value of (P b /E b ) reaches about 2.9201 × 10 −1 .
To investigate the stability of the models which are now compatible with the structure of general relativity and causality (Table 2) , we draw the mass-radius diagram for the models by normalizing the boundary density, E b = 2 × 10 14 g cm −3 , as shown in Fig. 1 [notice that the use of normalizing density, E b , as mentioned in the previous case also, is purely arbitrary and its purpose is only to determine the maximum value of u upto which the structures remain pulsationally stable]. The first maxima in mass, among the equilibrium sequences of masses, is reached when the ratio of central pressure to central energy-density, The corresponding maximum stable value of compactness ratio, u, is obtained as 0.3389 (Table 2) . Thus, the structure remains pulsationally stable upto a u value as large as 0.3389, that is, u ≤ 0.3389 [notice that both, the upper bound on maximum value of u < 0.3406, and (Γ 1 ) 0 < 2.5946 are fully consistent with the corresponding absolute upper bounds]. Thus, the corollary 1 of theorem 2 is fully satisfied for this case. It follows, therefore, that the M − R relation provides the necessary and sufficient condition for dynamical stability of equilibrium masses, since these models are fully consistent with the compatibility criterion. This is evident from the comparison of column one and column seventh of Table 2 which indicates that for each value of (P 0 /E 0 ), the compactness ratio of the whole configuration, u, is always less than u h , the compactness ratio of the corresponding homogeneous density sphere. Obviously, the upper bound on u ≤ 0.3389 obtained here by using the compatibility criterion, turns out to be much stronger than the upper bounds on this parameter obtained by Lindblom (1984) and Haensel et al (1999) .
Dynamical stability of polytropic configurations
The dynamical stability of polytropic configurations (P = Kρ Γ 1 ) was first investigated by Tooper (1965) for polytropic index 3 ≤ n ≤ 1(Γ 1 = 1 + 1/n) by using the variational method which states that a sufficient condition for the dynamical stability of a mass is that the right-hand side of the following equation
vanishes for some chosen "trial function" ξ which satisfies the boundary conditions
and
where ω is the angular frequency of pulsation, R is the size of the configuration, and δP is the 'Lagrangian displacement in pressure'. The prime denotes radial derivative, and the quantity γ = [(P + E)/P ](dP/dE) = Γ 1 (constant) for the polytropic configurations considered here.
Tooper (1965) used the trial function of the form ξ = b 1 r(1 + a 1 r 2 + a 2 r 4 + a 3 r 6 + ...)e ν/2 , where a 1 , a 2 , a 3 , ... are adjustable constants, in Eq. (22) and showed that for 3 < n ≤ 1, the first maxima among the masses in the mass-central density (or, mass-radius) relation approaches at the same value of central pressure to central rest-density ratio (P 0 /ρ 0 ) where the squared frequency of pulsation, ω 2 , also becomes zero.
In order to verify these results in view of the discussion of section 3, we choose the trial function ξ = re ν/4 and employ a fourth-order Runge-Kutta method to solve Eq. (22) .
The results of this iteration are presented in Tables 3-4 for the polytropic index n = 1 and 1.5 respectively. It is seen that the first maxima among masses in the mass-centre density relation is reached for the same value of (P 0 /ρ 0 ) where ω 2 also approaches zero.
This finding is in perfect agreement with those of the Tooper (1965) and together with theorem 2 verifies further that just the choice of the trial function ξ = re ν/4 is capable of providing the necessary and sufficient condition for dynamical stability of masses.
Results and conclusions
We However, the model do not satisfy the necessary and sufficient condition for hydrostatic equilibrium, since for each assigned value of (P 0 /E 0 ), the compactness ratio, u, of the whole configuration always corresponds to a value larger than that of the compactness ratio, u h , of the homogeneous density distribution (that is u > u h ). Furthermore, the M − R relation does not provide the necessary and sufficient condition for dynamical stability of equilibrium configurations, since the maximum stable value of u ≃ 0.3574 exceeds the limiting value (u ∼ = 0.3406) for the corresponding centre value of (Γ 1 ) 0 ≃ 2.4204 (which is, however, consistent with the corresponding absolute upper bound ≤ 2.5946). Table 2 : Properties of the causal core-envelope models, as discussed in the present paper, with a core given by the most stiff EOS, (dP/dE) = 1, and the envelope is characterized by the polytropic EOS, (dlnP/dlnρ) = Γ 1 , such that, all the parameters, P, E, ν, λ, and the speed of sound, (dP/dE) 1/2 , are continuous at the core-envelope boundary, r b . The maximum value of u[≡ (M/R) ∼ = 0.3389] for the structure is obtained (Fig. 1) , when the minimum value of the ratio of pressure to density at the core-envelope boundary, that for each assigned value of (P 0 /E 0 ), the compactness ratio, u, of the whole configuration always corresponds to a value less than or equal to that of the compactness ratio, u h , of the homogeneous density distribution (that is u ≤ u h ). The maximum stable value of u ≃ 0.3389(< 0.3406) and the corresponding central value of (Γ 1 ) 0 ≃ 2.5911(< 2.5946)
indicate that the M −R relation provides the necessary and sufficient condition for dynamical stability of equilibrium configurations. compatible with the structure of general relativity, as it is seen that for each assigned value of (P 0 /E 0 ), the compactness ratio, u, of the whole configuration always corresponds to a value less than that of the compactness ratio, u h , of the homogeneous density distribution (that is u < u h ). which the structure remains dynamically stable. The model is fully compatible with the structure of general relativity, as it is seen that for each assigned value of (P 0 /E 0 ), the compactness ratio, u, of the whole configuration always corresponds to a value less than that of the compactness ratio, u h , of the homogeneous density distribution (that is u < u h ). Table 2 , for an assigned value of E = E b = 2 × 10 14 g cm −3 at the core-envelope boundary r b , such that the compactness ratio, u, of the whole configuration always turns out less than or equal to the compactness ratio , u h , of homogeneous density sphere. This requirement is fulfilled only when the ratio of pressure to density (P b /E b ) at r b reaches to a minimum value about 2.9201 × 10 −1 . The pressure, energy-density, ν, λ, and the speed of sound, (dP/dE) 1/2 are continuous at the core-envelope boundary.
